SINGULARITIES OF VARIETIES ADMITTING AN 
ENDOMORPHISM 
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Abstract. Let X be a normal variety such that Kx is Q-Cartier, and let 
f : X X he a finite surjective morphism of degree at least two. We establish 
a close relation between the irreducible components of the locus of singularities 
that are not log-canonical and the dynamics of the endomorphism /. As a 
consequence we prove that if X is projective and / polarised, then X has at 
most log-canonical singularities. 



1. Introduction 

l.A. Main result. Let X be a normal variety and let f : X ^ X he a.n endomor- 
phism, i.e. a finite surjective morphism of degree deg(/) > 1. If X is projective, an 
abundant hterature |BeaQll [FGjMI IAme03l iFNOTl INakOSI IAKP08I iNZTOl IZhalO) 

shows that the existence of an endomorphism imposes strong restrictions on the 
global geometry of X. In this paper we address the question if the existence of an 
endomorphism also imposes restrictions on the local geometry, i.e. restrictions on 
the nature of the singularities. In a recent paper Boucksom, de Fernex and Favre 
introduce the volume Yol{X, x) of an isolated singularity. Using this invariant they 
give a precise answer to our question for isolated singularities. 

1.1. Theorem. [BdFF12l Thm.B] Let X be a normal variety with isolated sin- 
gularities, and let /: {X,x) iX,x) be an endomorphism of degree deg(/) > 1. 
Then we have Vol(X, a;) = 0. 

If Kx is Q-Cartier then X has log-canonical singularities, and it furthermore has 
kit singularities if f is not etale in codimension one. 

Fulger [Fulllj introduces a different invariant Vo1f(-^, a;) associated to an isolated 
singularity and proves the analogue of Theorem 11.11 for Yo\p{X,x). Let us note 
that 

Yol{X, x) > YolFiX,x) 
and equality holds if Kx is Q-Cartier. 

In this paper we will consider varieties such that Kx is Q-Cartier, but the singu- 
larities are not isolated. In this case X is not necessarily log-canonical: if Y is any 
normal variety such that Ky is Q-Cartier and E an elliptic curve, then X -.^ Y x E 
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admits the endomorphism / :— idy x g with g the muhiphcation by to G N. How- 
ever we can estabhsh a close relation between the irreducible components of the 
non-lc locus and the dynamics of the endomorphism: 

1.2. Theorem. Let X be a normal variety such that Kx is Q-Cartier, and let 
f: X ^ X be an endomorphism of degree deg(/) > 1. 

Let Z be an irreducible component o/Nlc(X). Then (up to replacing f by some 
iterate) Z is totally invariant. In this case Z is not contained in the ramification 
divisor R, and the induced endomorphism f\z'.Z^Z satisfies 

deg(/|z) = deg(/). 

Since we suppose deg(/) > 1 the last part of this statement shows that Z cannot be 
a point, so we recover the Q-Cartier case of Theorem ll.il If X is projective we can 
consider the particularly interesting class of polarised endomorphisms, i.e. those 
endomorphisms such that there exists an ample divisor H satisfying f* H ~ nriH . 
In this case the statement becomes much stronger: 

1.3. Corollary. Let X be a normal projective variety such that Kx is Q-Cartier, 
and let f : X X be a polarised endomorphism of degree deg(/) > 1. 

Then X has at most log-canonical singularities. Moreover X is kit near the rami- 
fication divisor R. 

l.B. Technique and generalisations. The proof of our main result comes in 
two steps. In the first step we use a classical computation describing the behaviour 
of log-discrepancies under finite morphisms jKM98[ Prop. 5. 20] to prove that all 
the irreducible components of the non-lc locus are totally invariant. In the second 
step we use an idea introduced by Nakayama in his inspiring preprint [NakOSj on 
endomorphisms of normal surfaces: if /x : y — >■ X is the log-canonical model (cf. 
Definition l2.2p . the endomorphism / lifts to a (rational) endomorphism g of Y . We 
can then study the geometry of the ramification divisors along certain /i-exceptional 
divisors to deduce our result. 

Our proof actually works more generally for log pairs {X, A) such that Kx + A is 
Q-Cartier and a logarithmic ramification formula holds. In this paper we focus on 
the geometrically most interesting case where the boundary A is a totally invariant 
Weil divisor. 

1.4. Theorem. Let X be a normal variety, and let f : X ^ X be an endomorphism 
of degree deg(/) > 1. Let A be a reduced effective totally invariant Weil divisor 
such that Kx -f- A is Q-Cartier. 

Let Z be an irreducible component o/Nlc(X, A). Then (up to replacing f by some 
iterate) Z is totally invariant. In this case we have Z R/\ where i?A is the loga- 
rithmic ramification divisor, and the induced endomorphism f\z- Z Z satisfies 

deg(/|z) = deg(/). 

Theorem 11.41 is simply the case A = in the preceding statement. 

Let us note that the existence of log-canonical models has been proven recently 
by Odaka and Xu [0X12j for pairs (X, A) such that Kx + A is Q-Cartier. If 
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log-canonical models exist in generaQ, it seems plausible that our results can be 
generalised to arbitrary normal varieties. 

1.5. Conjecture. Let X be a normal variety, and let f : X ^ X be an endo- 
morphism of degree deg(/) > 1. Suppose that X admits a log-canonical model 
fj,: Y X . Let Z be an irreducible component of n{E^^), where Ej^ is the sum of 
all the fj,- exceptional prime divisors taken with coefficient one. 

Then ( up to replacing f by some iterate ) Z is totally invariant. In this case Z is not 
contained in the ramification divisor R, and the induced endomorphism f\z'.Z^Z 
satisfies 

deg(/|z) = deg(/). 

// moreover X is projective and f is polarised, then fi is an isomorphism in codi- 
mension one. 

This statement would also generalise Theorem 11.11 since we can prove that an iso- 
lated singularity has volume zero if and only if the log-canonical model (if it exists) 
is an isomorphism in codimension one, cf. Proposition [231 
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2. Notation and basic results 

We work over the complex field C, topological notions always refer to the Zariski 
topology. For general definitions we refer to Hartshorne's book |Har77j . We will 
use standard terminology and results of the minimal model program (MMP) as 
explained in (KM98] or |HK10) . A variety is an integral scheme of finite type over 
C. For D a Q-Weil divisor on a normal variety X, we denote by supp(D) its 
support. 

2. A. Singularities of pairs. Let X be a normal variety, and let fi: X' ^ X be 

a proper birational morphism from a normal variety X'. If A C X is a Q-Weil 
divisor, we denote by ^^^{A) its strict transform. 

A log-pair is a tuple {X, A) where X is a normal variety and A = J^i di^i is a 
Q-Weil divisor on X with di < 1 for all i. We say that the pair {X, A) is Ic (resp. 
kltjl if Kx -I- A is Q-Cartier and for every proper birational morphism fj,: X' ^ X 
from a normal variety X' we can write 

Kx' + t^-\A) = t,*{Kx + A) + ^ a{E,,X, A)E,, 
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The existence of log-canonical models would be a consequence of the MMP, including the 
abundance conjecture. 
^ANR-10-JC.IC-Olll 
'^ANR-lO-BLAN-0104 
^ANR-ll-LABX-0007-01 

^Note that we do not assume that the boundary divisor A is effective, so some authors would 
say that such a pair is sub-lc (resp. sub-kit). We follow the notation of | KM98| . 

3 



where the divisor Ej are /i-exceptional and a{Ej,X,A) > —1 (resp. a{Ej,X,A) > 
— 1) for aU j. If the pair {X, A) is log-canonical, we say that a subvariety Z C X 
is an Ic centre if there exists a morphism fi: X' ^ X as above and a /^-exceptional 
divisor E such that E ^ Z and a{E, X, A) = — 1. 

2.1. Definition. Let A) be a log-pair such that Kx + A is Q-Cartier. The 
non-lc locus Nlc(X, A) is the smallest closed setW d X such that {X \ W, A\x\w) 
is Ic. 

2.2. Definition. Let {X, A) be a log-pair such that A > 0. ^ log-canonical model 
of the pair {X, A) is a proper birational morphism 

H:Y^X 

such that if we set 

Ay ■.^^l:\A) + El^^ 

where Ejf is the sum of all the fi- exceptional prime divisors taken with coefficient 
one, the pair (Y, Ay) is log-canonical and Ky + Ay is ii-ample. 

2.3. Remark. 

a) If a pair {X, A) admits a log-canonical model, it is unique up to isomorphism 
|()X12I Prop.2.3]. 

b) Suppose now that A > and Kx -|- A is Q-Cartier. Then {X, A) admits 
a log-canonical model |0X121 Thm.1.1]. Moreover the /x-exceptional locus 
has pure codimension one jOX121 Lemma 2.4]. If we write 

(1) Ky + Ay=tl*{Kx + A) + A>\ 

then Ay^ is antieffective and supp Ay^ = Exc(/t) (ibid). By the definition 
of Ay we have supp Ay ^ C Ay . Note also that since Kx + A and Ky -\- Ay 
are Q-Cartier, the divisor Ay^ is Q-Cartier. 

The following proposition establishes the link between Conjecture 11.51 and Theo- 
rem [TTT] 

2.4. Proposition. Let X be a normal variety with singular locus a point x. As- 
sume that X has a log- canonical model /i : (Y, Ay) — > X . 

Then Yol{X,x) = if and only if fj, is an isomorphism in codimension 1. 

For the proof of this statement we will use the tools and terminology of |BdFF12] : 
given a canonical divisor Kx on X, there is a unique canonical divisor Kx^, for 
each birational model tt: — > X, with the property that tt^^Kx^ = Kx- Thus we 
obtain a canonical 6-divisor Kx over X. Boucksom, de Fernex and Favre define the 
nef envelope Eiyvx{—Kx) of the Weil divisor —Kx as the largest nef Weil 6-divisor 
Z that is both relatively nef over X and satisfies Zx < —Kx- The log-discrepancy 
6-divisor A^/x is then defined by 

(2) Ax/x = Kx + Ix/x + Envx{-Kx), 

where the trace of Ix/x in ^ny model is equal to the reduced exceptional divisor 
over X. 
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Proof of Proposition Suppose that Yol{X^x) — 0. We will argue by contradic- 
tion and suppose that the divisor Ay is not zero. Let Z ^ Y he a. dlt-model of 
the log-canonical pair {Y, Ay) [Fujll[ Thni.10.4], i.e. is a birational morphism 
from a normal Q-factorial variety Z such that if we denote by B the z^-exceptional 
divisors taken with coefficient one and set 

Az ■.= iy-\AY) + B, 

then the pair (Z, Az) is dlt and we have 

Kz + Az^iy*{Ky + Ay). 

Set (p /i o J/. Then the divisor Kz + Az is (ys-nef and its restriction to any 
irreducible component of i^^^(Ay) is nef and big. 

The trace of the equation ((21) on Z is 

''*H{Ax/x)y) ^Kz + Az + iEnvx{-Kx))z- 

Indeed Az is the union of all the (^-exceptional divisors taken with multiplicity one, 
so {^x/x)z = Az- Moreover all the z^-exceptional divisors have log-discrepancy 0, 
so {Ax/x)z is just equal to the strict transform of {Ax/x)y- 

By [BdFF12l Lemma 2.10] the restriction of (Envx {—Kx))z to any i^j-exceptional 
divisor is pseudoeffective, so the restriction of '^^^{Ax/x)y to any irreducible com- 
ponent of u~^{Ay) is big. Since Ay is not zero, this implies that i'^^{Ax/x)y is 
not the zero divisor. Since we have 

S'WPK^{Ax/x)y C suppz^7^(Ay), 

we see that the restriction of i'^^iAx/x)Y to any irreducible component of its 
support is big. By the negativity lemma (in its big version [ Gral2[ Prop.4.1]) this 
implies that '^^^{Ax/x)y is not effective. Thus the log-discrepancy 6-divisor A^/x 
is not effective, a contradiction to |BdFF12l Prop.4.19]. 

Suppose that fi is an isomorphism in codimension 1. The variety Y has log- 
canonical singularities, so all the log-discrepancies are non-negative. Since fi is an 
isomorphism in codimension one we see that Ax/x is effective, hence Vo\{X, x) — 
by |BdFF121 Prop.4.19]. □ 

2.B. Logarithmic ramification formula. Let f : Xi ^ X2 be a finite surjective 
morphism between normal varieties. For every Weil divisor D C X2 we define the 
pull-back f*D as the unique Weil divisor obtained by completing j(:2,rcg ■ If -D is 
Q-Cartier of Cartier index m, then f*D is Q-Cartier of index m. The ramification 
divisor is defined by 

(3) R-= rD-snpp{f*D), 

DCX2 

where the sum runs over all prime divisors in X2- By generic smoothness the sum 
is finite, so R is an effective Weil divisor. Its image B := f{R) is the branch divisor 
of /. By the ramification formula we have 



Kx, = f*Kx, + R. 
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2.5. Lemma. Let f: Xi — > X2 be a finite surjective morphism between normal 
varieties. Let A2 be a reduced effective Weil divisor, and set Ai := supp/*A2. 
Then we have the logarithmic ramification formula 

(4) +Ai =r(Xx. +A2) + i?A, 

where Ra is an effective divisor. Moreover Ai and Ra do not have any common 
component. We call Ra the logarithmic ramification divisor. 

Proof. Adding Ai = /*A2 — (/*A2 — Ai) to the ramification formula we obtain 

Kx, + Ai = f*{Kx, + A2) + i? - (/*A2 - Ai). 

We claim that Ra := R — {f*^2 — Ai) is an effective divisor such that Ai and 
Ra do not have any irreducible components in common. Indeed if C A2 is an 
irreducible component, we have 

f*W = Y,m^W^, 

with Wi the irreducible components of f*W and rm the ramification index along 
Wi. In particular if W is not in the branch divisor B, then f*W = ^ Wi so 

muh /* A2 = mult Ai = 1, 

Wi w, 

and obviously no Wi is contained in R. If W C then by ([3]) we have 
mult R = muh f *W - 1 = mult f*A2 - muh Ai. 

Wi Wi W, Wi 

Thus we have multvi/; Ra — 0- D 

2.6. Remark. If Kx^ + Ai and Kx^ + A2 are Q-Cartier, then Ra is Q-Cartier. 

We will also use a weak generalisation of the logarithmic ramification formula Q 
to morphisms which are only generically finite. 

2.7. Lemma. Letg: V be a generically finite, projective, surjective morphism 
between normal varieties. Let Ay be a reduced effective Weil divisor on Y such that 
Ky + Ay is Q-Cartier. Let rj: V ^ Vst and h: Vst Y be the Stein factorisation 
of g. Set 

Ay ?/7^(suppft,*Ay). 

Then we have 

Kv + Av^g*{KY + AY) + Rg 
where Rg is a Q- Weil divisor. Moreover Ay and Rg do not have any common 
component. 

Proof. The morphism h is finite, so by we have 

Kvst + SUppft.*Ay = h*{KY + Ay) + RAst, 

where i?Ast effective Weil divisor that has no common component with 

supp/i*Ay. The divisor Kvst + suppft,*Ay — RAst '^^ Q-Cartier, so we can write 

Kv+v^\svLpph*AY-RAs,) = v*{Kvs,+supph*AY-RAst)+E = /*(ii:y+Ay)+S 

where E is an ?7-exceptional divisor. Set now 

Rg ■.= E + ru\RAs,)- 
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Since every irreducible component of E is 7/-exceptional and -Ras* ^.o com- 
mon component with suppft,*Ay, it is clear that r]~^ (supp h* Ay) has no common 
component with Rg. □ 



2.C. Endomorphisms and Nlc-locus. 

2.8. Definition. Let X be a normal variety, and let f : X ^ X he an endomor- 
phism of degree deg(/) > 1. We say that a closed subset Z d X is totally invariant 
if we have a set-theoretical equality f~^{Z) — Z. 

2.9. Remark. Let f : Xi ^ X2 be a finite surjective morphism between normal 
varieties. By |Gro66[ Cor. 14.4.] the morphism / is universally open. In particular 
if Z d X2 is any subvariety, the induced morphism Xi Z ^ Z is open. Hence 
every irreducible component of Xi Z dominates Z. 

2.10. Lemma. Let X be a normal variety, and let f : X ^ X be an endomorphism 
of degree dcg(/) > 1. Let A be a reduced effective totally invariant Weil divisor such 
that Kx + A is Q-Cartier. Let Z C X be an irreducible component o/Nlc(X, A). 
Then (up to replacing f by some power) we have 

f-\Z) = Z. 



If {X,A) has at most log-canonical singularities, let Z be an Ic centre. Then (up 
to replacing f by some power) we have 

f-\Z) = Z. 

In this case we have Z ^ i?A where i?A is the logarithmic ramification divisor. 



Proof. By (U) and Remark 12.61 we have 

Kx+A^f*{Kx + A)+R^, 
with _Ra an effective Weil divisor that is Q-Cartier. 

Let us recall a computation from 'KM981 Prop. 5. 20]: \eiW <Z X be any subvariety, 
and let /i : X' ^ X be a proper birational morphism from a normal variety X' such 
that 

Kx' + ^x-\A) = ^l*{Kx + A) + R + a{E,X,A)E 

with R a /x-exceptional divisor and E a /i-exceptional prime divisor such that 
^{E) = W . Let X" be the normalisation of the fibre product X Xx X' and 
consider the following commutative diagram 



X" 



X 



X' 



X 



Let Wi, . . . , Wr be the irreducible components of / ^(VK). By Remark 
Wi dominates W via /. Thus for every i G {1, . . . , r} the fibre product 



every 



xw E c X XX X' 
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contains an irreducible divisorial component that surjects onto Wi. Let E'^ C X" 
be a prime divisor that maps onto this divisor, then we have f'{El) — E. Denote 
by ri the ramification index of /' along E'^. By |KM98[ p. 160, last line] we have 

a{El X, A - i?A) + 1 = r {a{E, X, A) + 1) . 

Since i?A is effective and Q-Cartier, we have 

a{ElX,l^)<a{ElX,l^-R^) 

with equality holding if and only if Wi <f. Ra- Thus we see that if a{E, X, A) < 1 
(resp. a{E,X,A) < 1) then we have a{E'i,X,A) < 1 (resp. a{E'i,X,A) < 1). 
Moreover we have the following implication: 

(5) If a{E, X,A)^1 and a{E'i, X, A) = 1, then Wi (t Ra- 

Proof of the first statement. We will argue by descending induction on the dimension 
of the irreducible components of Nlc(Jr, A). The start of the induction is trivial 
since there is no irreducible component of Nlc(X, A) of dimension dimX. Suppose 
now that every irreducible component of Nlc(X, A) of dimension at least to + 1 is 
totally invariant, and let Zi, . . . , Zk be the irreducible components of Nlc(X, A) of 
dimension m. 

Fix a. j € {1, ... , k}, and let Z'^ be an irreducible component of f^^{Zj). By what 
precedes we have Zj C Nlc(X, A). We claim that Z'^ is actually an irreducible 
component of Nlc(X, A): if this was not the case there would be an irreducible 
component W of Nlc(X, A) such that Z'j C W and dimW^ > m + 1. Yet by our 
induction hypothesis W is totally invariant, so Zj C W implies that Zj C W. Thus 
Zj is not an irreducible component of Nlc(X, A), a contradiction. 

Hence every irreducible component of f~^(Zj) is an irreducible component of di- 
mension TO of Nlc(X, A). Since there are only finitely many such components, 
namely Zi, . . . , Z^, we see that f~^ induces a bijection on the irreducible compo- 
nents of dimension to of Nlc(X, A). Thus some power of / induces the identity. 

Proof of the second statement. Since X is log-canonical there exist only finitely 
many Ic centres. We can now repeat the proof of the first statement to see that 
f~^ acts by permutation on the Ic centres, so some power induces the identity. An 
Ic centre Z that is totally invariant and contained in Ra contradicts the statement 
(O, so it does not exist. □ 

2.11. Lemma. Let Xi and X2 he normal varieties, and let f : Xi X2 he a finite 
morphism. Let Ai and A2 he reduced effective Weil divisors on Xi and X2 such 
that Ai = supp/*A2 and we have 

Kx, + A^^ f*{Kx, +A2). 

Suppose that the pair {X2, A2) has a log-canonical model fi2 ■ {Y2, Ay.2) {X2, A2). 

Then the pair {Xi, Ai) has a log-canonical model fii : (Yi, Ay^i) — {Xi, Ai), more- 
over f lifts to a finite morphism g: Yi ^ Y2 such that 

Ky,+ Ay^i^ g*iKY,+ Ara) 

and fJ-2 ° 9 = f ° fJ-i- 



Our proof follows Nakayama's argument in the surface case |Nak08| Lemma 2.7.6]. 
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Proof. Let Yi the normalization of the fiber product Xi Y2. Then we have a 
commutative diagram 



f 

Xl 5~ X2 

where the morphisms pi are induced by the projections from the fibre product. 
Recall that by Definition 12.21 one has 

where i?^'^ the sum of all the /i2-exceptional prime divisors taken with coefficient 
one. Since / and p2 are finite we see that 

supp(p;i?;rj 

is the sum of all the pi-exceptional prime divisors taken with coefficient one. We 
set 

Aya :=(pri),Ai+supp(p*4g 
and claim that the ramification formula 

Ky^ + Ay,i = pUKy., + Ay.2) 

holds. Assuming this for the time being, let us see how to conclude: by }KM98| 
Prop. 5. 20] the pair (Yi, Ay^i) is log-canonical. Since the morphismpi is obtained by 
base-changing /i2 and normalising, the pull-back of the /i2-ample divisor Ky^ -I- Ay^2 
is pi-ample. By uniqueness of the log-canonical model (cf. Remark l2.3|) we see that 
(Yi,Ay^i) is the log-canonical model of (Xi,Ai). The finite morphism g := p2 
gives the lifting of /. 

Proof of the claim. We have supp /* A2 = Ai, hence by our definition of Ay_i 

suppp2Ay,2 = Ayi. 
Thus by the logarithmic ramification formula ^ we have 

Ky^ + Ay,i = pliKy^ + Ays) + i?A 

with i?A an effective divisor that has no common component with Ay.i. Since by 
hypothesis Kxi -|- Ai = f*{Kx2 + A2) it is clear that Ra is pi-exceptional. Since 
Ay 1 contains every pi-exceptional prime divisors with coefficient one, the divisor 
i?A is zero. □ 



3. Proofs of the main results 



3.1. Proposition. Let X be a normal variety, and let f : X ^ X be an endo- 
morphism of degree deg(/) > 1. Let A be a reduced effective totally invariant Weil 
divisor such that Kx + A. is Q-Cartier. 

Let Z be an irreducible component of Nlc(X, A) that is totally invariant. Then 
Z _Ra where _Ra the logarithmic branch divisor. 

3.2. Remark. If A = and X is a surface this follows from a theorem of Wahl 
|Wah90| ■ cf. also Favre |Fav lO'. More generally if A = and X has at most 
isolated singularities, we can apply [B dFF121 Thm.B] or [Full f [ Cor.]. Our strategy 
is inspired by Nakayama's proof of the surface case |Nak08[ Lemma 2.7.9]. 
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Proof. Let fi: {Y, Ay) — > {X, A) be the log-canonical model of {X, A). By Remark 
we have 



(6) KY + AY^fi*{Kx + A) + A>\ 

where A?; is an antieffective divisor such that supp A>i = Exc(^). Since Z is 
an irreducible component of Nlc(X, A) there exists at least one prime divisor Ei 
in Y that surjects onto Z. Denote by Ei^ . . . , E}^ the irreducible components of 
supp(Ay^) that surject onto Z . Then we can write 

k 

(7) A>i = ^ + 

i=l 

where the are the log-discrepancies with respect to (X, A). Since Z is an ir- 
reducible component of Nlc(X, A) the antieffective divisor E' has the property 

z t A^lsuppC^;')). 

We will argue by contradiction and suppose that Z C -Ra- 
Ste'p 1. An estimate of the discrepancies. Let 

Kx + A = r(AA-+A)+i?A 

be the logarithmic ramification formula. By Remark [2.6l the divisor i?A is Q-Cartier 
and we denote by m its Cartier index. Thus the pull-back fi* Ra is well-defined and 
since Z c Ra we have 

muh(/i*i?A) > — 

-Ei m 

for every i = 1, . . . ,k. Note moreover that for alH S N the logarithmic ramification 
divisor Ra.i of the ^-th iterate /' satisfies 

i-i 

Since Z C Ra and f^^iZ) = Z we see that Z C (P)*(i?A), hence 

muh(/i*(/^ri?A) > - 
Ei m 

for all i and j. Thus for I sufficiently high we have mult^. (/i*i?A,i) + cii >0. Since 
our statement does not depend on the iterate of / we can suppose without loss of 
generality that these inequalities holds for / = 1. Thus we have 

(8) mu\t{p* Ra) + a, > 
for alH e {1, . . . , k}. 

Step 2. Comparing the discrepancies. The endomorphism / induces a rational map 

Y Y, we choose a resolution of the indeterminacies oi v.V ^ Y such that 

V is smooth. Then we obtain a generically finite, projective, surjective morphism 
g: V ^ Y such that we have a commutative diagram 




Using the notation of Lemma 12.71 we have 

(9) Kv + Av^g*{KY + AY) + Rg. 
Note that by the definition of Ay we have Ay — g{Av). 
The pair (Y, Ay) is log-canonical, so we can write 

Kv = iy*{KY + AY) + N' 

where N' is a divisor such that all coefficients are at least —1. Thus if we set 
N := N' + Ay, then 

(10) Kv + Av^ V* {Ky + Ay) + N 
and for every irreducible component D C Ay we have 

(11) mult TV >0. 

D 

By dH) and ^ we have 

v*{Ky + Ay) + N = g*{KY + Ay) + Rg. 

Plugging in ^ on both sides we get 

i/*(/i* {Kx + A) + A>i) +N = g*{n* {Kx + A) + A>i) + Rg 

By the logarithmic ramification formula Kx + A = f*(Kx + A) + Ra we can 
simplify to 

(12) i^*{fi*RA + A>^) + N = g*A>^+Rg 

Since g{Av) = Ay and suppAy^ C Ay (cf. Remark I2.3P there exists a prime 
divisor D C Ay such that g{D) = Ei. Let us first observe that 

(13) fi(HD)) = Z. 
Indeed by our commutative diagram 

fifMD))) = fi{giD)) = ^,{E^) = Z, 

hence n{v{D)) is contained in f~^{Z) which by hypothesis is Z. Since Z is irre- 
ducible and ^{v{D)) has dimension at least dimZ (it surjects via / on Z), we get 
the equality (fT3|) . 

By Lemma 12.71 we know that Ay and Rg do not have common components, so 
mult^i Rg — 0. Since Ay^ is antieffective and its support contains -Ei, we obtain 

(14) mult(g*A^i + Rg) < 0. 

Consider now the decomposition Ay^ — Y^\^iaiEi ~\- E' introduced in Q. We 
have Z ^ yLt(supp(i?')) and niy^D)) = Z hy ([13]), so we see that v{D) (f_ supp(£"). 
Since \x*Ra + A^-'^ is Q-Cartier this implies that ii*Ra + J^^i^i Q-Cartier in 
the generic point of v{D). By the inequalities ^ we know that 

^i*Ra + ajEi 

is an effective divisor, so we obtain 

multj/*(/i*i?A + A>i) = mult U* Ra + ^ aiEA > Q. 



Yet by (|lip this implies that 
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mult(i^*(/i*i?A + A>}) + TV) > 0, 



so by we have a contradiction to (HH). □ 

Proof of Theorem \1.4\ By Leinma r2.10l we can suppose (up to replacing / by some 
iterate) that all the irreducible components of Nlc(X, A) are totally invariant. Let 
Z be such an irreducible component, then by Proposition 13.11 we have Z (t i?A, 
where Ra is the logarithmic branch divisor. We will now argue by contradiction 
and suppose that there exists an irreducible component Z C Nlc(X, A) such that 
the induced endomorphism f\z- Z ^ Z satisfies 

(15) deg(/|z) < deg(/). 

Let {X , Zgcn) be the germ of the normal variety X in the generic point Zgcn C X, 
and denote by 

f : {X, Zgcn) — > {X, Zgcn) 

the induced endomorphism. Set A := Aj^j^, then the finite morphism / etale in 
codimension one, i.e. we have 

(16) K^ + A^ifr{K^ + A). 

Let ft: (y, Ay) — > {X,A) be the log-canonical model. By Lemma [2.111 the finite 
morphism / lifts to a finite morphism g : Y ^ Y such that 

(17) Ky + Ay=g*iKy + Ay) 

and fi o g ^ f o fj,. 

Since Zgcn is an irreducible component of Nlc(X, A) and the //-exceptional locus has 
pure codimension one (cf. Remark l2.3l) . there exists at least one prime divisor Ei in 
Y that surjects onto Zg^n- Let Ei, . . . , Ek be the prime divisors in II (^ZgQYi) that 
surject onto Zgcn, then g~^ acts by permutation on the set of divisors {Ei, . . . , E^]. 
Thus (up to replacing / and hence g by some iterate) we can assume that g~^ acts 
as the identity. Let now 

g\E^ : Ei^ El 
be the induced endomorphism. We claim that we have 

<^eg{g\E^) = deg(/|z). 

Assuming this for the time being, let us see how to conclude: since deg(/) = deg(f;) 
our claim and (fTSi) implies that deg(5|_Ei) < deg{g). Thus Ei is contained in the 
branch divisor of g and we have 

(18) g*Ei = rEi 
with r > 1. By Remark 12.31 we have 

Ky + Ay^fi*{K^ + A) + Al\ 

where A^^ is an antieffective divisor such that supp A^^ = Exc(/u). Plugging this 
into PT)) we obtain 

l,*iK^ + A) + Af = g*ii*{K^ + A) + .g*A^i. 

Yet by (|16p this simplifies to 

Af=g*Af. 

Since supp A|l^ — Exc(/i) it contains the divisor Ei. Thus by restricting the equa- 
tion above to Ei we obtain g*Ei — Ei, a. contradiction to (fT8| . 
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Proof of the claim. We have a commutative diagram 



9|ei 

El 5~ El 



/IZg 



Let Fi be a general fibre of ij,\ei and set F2 ^[^^(i^i). Tlien F2 is a general 
/^Ibj -fibre, in particular Fi and F2 are homologous. Set 5: Fi -> F2. By ^T7\ we 
have 

(i^^ + A^)^'-^^ • Fi = {g*iKy + Ay)f"'^^ ■ Fi = deg(.9)(i^^ + A^)^™^^ • F^. 

Since Fi and F2 are homologous we have 

{Ky + Ay)'i™^i • F2 = {Ky + Ay)d™^i • Fi. 

Moreover Ky + Ay is ample on Fi, so these intersection numbers are not zero. 
Thus we obtain that 

deg5 = 1. 

By the commutative diagram above this implies the claim. □ 

3.3. Corollary. Let X be a normal projective variety, and let f : X ^ X be a 

polarised endomorphism of degree deg(/) > 1. Let A be a reduced effective totally 
invariant Weil divisor such that Kx + A is Q-Cartier. 

Then the pair (X, A) is log- canonical. Moreover if Z is an Ic centre of(X,A), then 
(up to replacing f by some iterate) Z is totally invariant. In this case we have 
Z ^ i?A where Ra is the logarithmic ramification divisor. 



Note that the case A = of this statement corresponds to Corollarv ll.31 



Proof. The endomorphism / is polarised, so there exists an ample divisor H such 
that f*H ~ mH with m > 1. Thus if Z C X is a totally invariant subvariety, the 
endomorphism f\z'. Z ^ Z is polarised hy H\z. In particular we have 

deg(/|z) = m^™^ < m^™^ = deg(/). 

By Theorem 11.41 this implies that Nlc(X, A) is empty. The second part of the 
statement follows from Lemma [2.101 □ 



For inductive purposes the following non-normal version should be useful. 

3.4. Corollary. Let X be a projective variety that is S2 and whose codimension one 
points are either regular points or ordinary node^. Let f : X ^ X be a polarised 
endomorphism of degree deg(/) > 1. Let A be a reduced effective totally invariant 
Weil divisor such that Kx + A is Q-Cartier and no irreducible component of A is 
contained in the non-normal locus. 

Then the pair {X, A) is semi-log-canonical. 



is demi-normal in the sense of KoUar. 

13 



Proof. Let v. X X he the normalisation. Let 13 C X be the divisor defined 
by the conductor of the normahsation, and let A be the divisorial part of i^^^(A). 
Then we have 

K^ + A + D = L'*{Kx+A), 

so + A + D is Q-Cartier. Note that D is reduced since X has ordinary nodes 
in codimension one. 

By the universal property of the normalisation, the endomorphism / lifts to an 
endomorphism f : X ^ X. Moreover the divisor D is totally invariant (cf. Prop. 5.4. 
in the arXiv version of [NZlOj ). By Corollary [33] the pair {X,A + D) is log- 
canonical. Thus {X, A) is semi-log-canonical. □ 
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